Abstract. In this paper we generalize the notion of p-adic modular form to the Hermitian modular case and prove a formula that shows a coincidence between certain p-adic Hermitian Eisenstein series and the genus theta series associated with Hermitian matrix with determinant p.
Introduction
In a previous study [8] , the present author generalized the notion of p-adic Eisenstein series to the Siegel modular case and found a "curious formula" ( [8] , (8.6) ) that shows a coincidence between p-adic Siegel-Eisenstein series and theta series. Strictly speaking, certain p-adic Siegel-Eisenstein series were shown to coincide with the genus theta series associated with a binary quadratic form of discriminant −p.
In another study [5] , a more general type of p-adic Siegel-Eisenstein series was investigated. The results of both of these studies indicate that these kinds of p-adic Siegel-Eisenstein series become "true" modular forms, namely, ordinary modular forms of Γ 0 (p)-type.
In this note, we shall extend these findings in a different direction. Namely, we show that a similar phenomenon also occurs in the Hermitian modular case.
Definition and notation
2.1. Hermitian modular forms. Let R be a subring of C. We shall denote by Her m (R) the space of m by m Hermitian matrices over R with respect to the complex conjugate. Let Her + m (R) be the subset of Her m (R) consisting of positive elements. The space
is called the Hermitian upper-half space of degree n, where t Z denotes the complex conjugate, transpose matrix of Z. The group
acts on H n by the ordinary generalized linear fractional transformation.
Let K be an imaginary quadratic field of discriminant d K with the ring of integers
We denote by M k (Γ n (K)) the complex vector space consisting of Hermitian modular forms of weight k for Γ n (K).
Let f (Z) be a Hermitian modular form in M k (Γ n (K)). Then, f (Z) has a Fourier expansion of the form
where the index set Λ n (K) is defined by
Hermitian Eisenstein series. Define
For an integer k such that k > 2n and w K |k (w K is the order of the unit group of K), define a series given by
This series belongs to M k (Γ n (K)) and is called the Hermitian Eisenstein series of weight k for Γ n (K). It was shown by Braun [3] that all of the Fourier coefficients of G (n) k are rational.
Genus theta series. Let S ∈ Her
. . , S h } be a set of representatives of unimodular equivalence classes of the genus containing S. The genus theta series associated with S is defined by
where E(S i ) is the order of the unit group of S i .
p-adic Hermitian Eisenstein series. Put ω
Thus, any Hermitian modular form f (Z) can be considered as a function of n(n − 1)/2 complex variablesz ij (i < j) inZ and n(n + 1)/2 complex variableṡ z(i ≤ j) inŻ. If we puṫ
where H = (h ij ) and
are rational integers. Based on the semi-positivity of H, we may regard a Hermitian modular form f (Z) as an element of a formal power series ring
be a sequence of increasing natural numbers. If the corresponding sequence of Hermitian Eisenstein series {G 
Main result
In the remainder of this note, we will restrict ourselves to the case in which
In this case, we have
A main result of this note is as follows. 
Namely, the p-adic Hermitian Eisenstein series lim
becomes an ordinary Hermitian modular form of weight 2 and level p.
Proof of the main theorem
We shall prove (3.1) by showing the coincidence of each Fourier coefficient of both sides. Let lim
be the Fourier expansions. Our goal is to prove the following identity:
However, before proving this identity, we must investigate the coefficientsã (n) (H) and b (n) (H). The coefficientã (n) (H) is the p-adic limit of a
On the other hand, by the definition of the genus theta series, the coefficient b
First, we shall prove the following lemma.
Proof. Since rank(H) > rank(S i ) = 2, the numbers A(S i , 2H) vanish. This implies b (n) (H) = 0. Next, we prove thatã (n) (H) = lim m→∞ a k m (H)= 0. For this purpose, we set
where B k (resp. B k,χ ) is the k-th Bernoulli number (resp. the k-th generalized Bernoulli number). If we pursue an argument similar to that of Boecherer [1] in the Hermitian modular case, then we see that the coefficient a k m (H) can be written as
(Refer also to [11] , Proposition 4.7 (Case SU).)
(based on the classical theorem of von Staudt and Clausen). In particular, if i = 2, then
Therefore, we have From this result, for the purpose of proving (3.1), it suffices to prove that the identity (4.1) holds for the case n = 2. Namely, our goal is reduced to the proof of the identity
for any H ∈ Λ 2 (K).
Lemma 4.2. If rank(H) = 2, theñ
Proof. We shall first calculateã (2) (H). For this purpose, we introduce an explicit formula for a (2) k (H) given by Krieg ([6] , p. 678, Theorem and p. 679, Corollary):
where
From this formula, we obtaiñ
Next, we shall calculate b (2) (H). By the Siegel formula in the case of Hermitian forms (cf. Braun [2] , Otremba [9] ), we have
In order to calculate α q (S, 2H) more explicitly, we introduce the following notation: let f (H) be the integer defined by det(2H) = ε(H) 2 · f (H) and put
We proceed the calculation of α q (S, 2H) by dividing the following three cases: (i) q is a prime number such that q = 2, p,
For case (i), we have
This follows from the main theorem in [7] (p. 235) (unramified case). For case (ii), we obtain
This formula is derived from a formula by Hironaka [4] by setting m = n = 2, λ = (ε p + f p , ε p ), and µ = (1, 0) in the main formula in Theorem 4 ([4], p. 61). For case (iii), we have
As in case (i), this formula can be obtained from the main theorem in [7] (p. 235) (ramified case). Now we assume that ord p (det(2H)) is odd, that is, the number f p is odd. In this case, by the above formulas, we have
It is easy to see that G χ −4 (s, N ) has the following expression:
Hence, we obtain
On the other hand, if ord p (det(2H)) is even, we haveã Proof. In the case where rank(H) = 1, we have a (2) k (H) = a 
